Introduction
The familiar Ham Sandwich Theorem states that any n mass distributions on n-dimensional Euclidean space can be simultaneously bisected by a single hyperplane. Reinterpreting this theorem as a Z 2 -symmetry statement for measures, one may ask for analogous partition theorems corresponding to other finite groups. As Z 2 = {±1} is the unit sphere in R, we provide such G-Ham Sandwich Theorems for the finite subgroups of the unit spheres of the other classical (skew) fields -the unit circle S
A Z 2 -reformulation of the Ham Sandwich Theorem
Let μ 1 , . . . , μ n be a collection of mass distributions on R n , i.e., finite Borel measures for which each hyperplane has measure zero. The group Z 2 acts on each pair {H + , H − } of complementary half-spaces by reflections about their common hyperplane, and for each μ i the "Z 2 -average"
quantifies the symmetry of the measures of these Z 2 -symmetric half-spaces with respect to the Z 2 -action on R given by multiplication. A vanishing of this average can be viewed as a "Z 2 -balancing" of μ i , and the Ham Sandwich Theorem, which asserts the existence of a pair of half-spaces {H + , H − } such that μ i (H + ) = μ i (H − ) = 1 2 μ i (R n ) for each 1 i n, states that each measure can be simultaneously Z 2 -balanced.
F F F-Ham Sandwich Theorems

G-Voronoi partitions
Let G be a non-trivial subgroup of S(F), F = R, C, or H. Each diagonal G-orbit {(ga, gb)} g∈G ⊂ S(F n )×F determines a unique Voronoi partition of F n given by the points {ga} g∈G +ba of a translated
it follows that each "G-Voronoi region" can be expressed as
where
For a given G-Voronoi partition {V g } g∈G , we consider the free and transitive right G-action given by V g 2 · g 1 := V g 2 g 1 for each g 1 , g 2 ∈ G. In the case of the canonical partition {V g } g∈G of F, this action is right multiplication by G, which preserves the F-valued inner product, so in general G acts on {V g } g∈G by affine F-unitary isometries which fix its centering F-hyperplane 
For example, G = Z 2 when F = R, and the corresponding Voronoi partitions of R n are its half- 
G-averages
Owing to the algebras involved, our theorems are most appropriately stated for F-valued measures 
evaluates the symmetry of the measures of the fundamental G-regions with respect to the G-action on F n given by σ . We therefore say that a G-Voronoi partition "(G, σ )-balances" μ if this average is zero.
Our main result states that any n-tuple of F-valued measures on F n can be (G, σ )-balanced with respect to any free n-dimensional representation σ : G → U (F, n) , thereby realizing G-symmetries of F n as corresponding G-symmetries of its measures.
Theorem 1 (F-Ham Sandwich Theorem). Let G be a non-trivial finite subgroup of S(F
In particular, the R-Ham Sandwich Theorem recovers the original -the unique free orthogonal 
The Z Z Z m -Ham Sandwich Theorem
The non-zero finite subgroups of S 
of sectors by rotations by multiples of 2π /m about their center. It is a standard fact (see, e.g., [15] ) that the free unitary represen- 
for each 1 i n.
Applications to real-valued measures
As a complex-valued measure is a pair of real measures and a complex regular 2-sectorial decomposition is by a pair of half-spaces, the Z m -Ham Sandwich Theorem recovers the original evendimensional Ham Sandwich Theorem when m = 2. For an odd prime p, one obtains equipartitions of real measures by a complex regular p-fan, i.e., by the union of p half-hyperplanes, centered about a complex hyperplane, whose successive dihedral angles are all 2π /p. 
Proof. We apply the Z p -Ham Sandwich Theorem on C n(p−1)/2 to μ i,s := μ i and r i,s := s, 1 i n and 1 s (p − 1)/2. As each μ i is real-valued, examining real and imaginary parts in (6) shows
s=1 cos(
for each 1 k < p and
∂S k is a null set We note that Corollary 3 is an optimal result for all n when p = 3 and for all odd primes when n = 1. Namely, if C (p, n) denotes the minimum dimension d such that any n signed mass distributions on C d can be equipartitioned by a complex regular p-fan, then (a)
Statement (a) follows by considering n disjoint balls in C d whose centers lie on the complex mo-
The center of each ball must lie on the complex hyperplane of a trisecting complex regular 3-fan, thereby producing n distinct roots to a degree d polynomial.
Hence C (3, n) n, while C (3, n) n is established by the corollary. Letting R (p, n) be the minimum dimension d for which any n positive mass distributions in R d can be equipartitioned by a regular p-fan with real affine center, one has R (3, n) = n − 1 [14] , and R (4, n) is the orthogonal, k = 2 case of the famous Grünbaum problem [6] on partitions of measures by k hyperplanes (see, e.g., Theorem 9 of [3] and [10, 12] ). In particular, the value R (4, 1) = 2 is very well-known. More can be said when the regularity condition on fans is relaxed, for example the planar results of [2, 1] and a result of [9] (which can be compared to R (5, 1) > 2 from statement (b)) that any planar mass distribution can be partitioned by the affine image of a convex regular 5-fan into 5 parts with any prescribed ratios.
Binary polyhedral Ham Sandwich Theorems
As one recovers special cases of the C-Ham Sandwich Theorem in the cyclic cases, we consider the non-cyclic subgroups of S Letting Conv(G) ⊂ H denote the convex hull of G and P G = {w ∈ H | w, g R 1 ∀g ∈ G} its dual, ∂ P G = g∈G C g is a triangulation of S 3 into |G| uniform 3-dimensional polyhedra C g = {w ∈ P G | w, g R = 1}. The Voronoi regions of G ⊂ H are the cones Cone(C g ) = r 0 C g on these polyhedra, and the G-Voronoi partitions of H n are by uniform polyhedral wedges {W g } g∈G , each the sum of a quaternionic hyperplane and a copy of Cone(C g ) lying in its orthogonal complement. When G = D * m , the C g are uniform prisms with a regular 2m-gon base, while for G = T * , O * , and I * , the C g are the regular tetrahedra of the 24-cell, uniform truncated cubes, and the regular dodecahedra of the 120-cell, respectively (see, e.g., [4] ).
As in the real and complex cases, the free symplectic representations σ : G → Sp(n) are given by σ g (u 1 , . . . , u n ) = (ϕ 1 (g)u 1 , . . . , ϕ n (g)u n ), where ϕ 1 , . . . , ϕ n ∈ Aut(G) (see, e.g., [15] ), and the G-balancing (4) of an n-tuple μ = (μ 1 , . . . , μ n ) of quaternion-valued measures on H n is
As an application of the quaternionic case of Theorem 1, we consider the quaternion group Q 8 = {±1, ±i, ± j, ±k}. Here the C g are the cubes of the 8-cell and the Q 8 -Voronoi regions are wedges on the cones of these cubes. For signed-mass distributions μ 1 , . . . , μ n on H n , the vanishing of Q 8 -averages with respect to the standard representation shows there exists a cubical wedge decomposition {W g } g∈Q 8 of H n for which opposite wedges always have the same measure:
Proof of Theorem 1
The proof of Theorem 1 is a standard example of the "configuration-space/test-map procedure" (see, e.g., [11, 16] ) frequently employed in topological combinatorics and to the theory of measure partitions in particular. We assign to almost each
a continuous fashion that connects the standard free G-action on S(F n+1 ) with the free G-action on each G-Voronoi partition. Taking measures defines a continuous map, and a Borsuk-Ulam Theorem (Theorem 4) applied to the representation σ : G → U (F, n) yields our result. In the real case, we recover the standard proof of the Ham Sandwich Theorem given in [11] .
Proof of Theorem 1.
To ensure continuity, we exclude from
∈ g∈G X g , an examination of (9) shows that there exists some
That f is continuous is a straightforward adaptation of the proof of continuity given in [11, p. 48] . By the exclusion of in the Jordan Decomposition (see, e.g., [5] 
(V e (u)) by the Dominated Convergence Theorem.
As f is continuous, Theorem 4 below guarantees some u ∈ S(F n+1 ) − X G for which
The proof will therefore be complete once it is shown that u / ∈ S(F) × 0. Assuming otherwise, there exists some g 0 ∈ G for which V g 0 (u) = F n and V g (u) = ∅ if g = g 0 , which by (10) 
As X S(R) = ∅, Theorem 4 is the original Borsuk-Ulam Theorem when F = R -for any continuous map f : S n → R n , there exists some pair {u, −u} ⊂ S n of antipodal points such that f (u) = f (−u). Accordingly, the proof of Theorem 4 is on par with (and recovers, when F = R) that of the original.
Proof of Theorem 4. Supposing that
As i is nullhomotopic, so is h, which must therefore have degree zero.
On the other hand, h is G-equivariant: h(gx) = σ g (h(x)) for each g ∈ G and x ∈ S(F n ). As the restriction of σ to the largest cyclic subgroup Z m = {ζ
where · is one of the "Lens-Space" actions discussed in Section 3. This yields a contradiction, as it is a standard result that h must have degree relatively prime to m in each of these two cases (see, e.g., [7 
Towards a more general G -Ham Sandwich Theorem
The next natural class of G-Ham Sandwich Theorems to look for is for those finite groups (explicitly classified in [15] ) which act freely and linearly on spheres, i.e., the free orthogonal representations 
